Because its underlying principles are so fundamental, holography has been studied and applied in many areas of science. Recently, a technique has been developed which takes the maximum advantage of the fundamental principles and extracts much more information from a hologram than is customarily associated with such a measurement. In this paper the fundamental principles of holography are reviewed, and a sound radiation measurement system, called nearfield acoustic holography (NAH), which fully exploits the fundamental principles, is described.
INTRODUCTION
Since the time of its conception around 1950, holography I has become an increasingly powerful research tool.
However, in conventional optical and acoustical holography the full potential of the technique has not been realized. In acoustical holography one can obtain much more information from a hologram than is customarily associated with such a measurement. In this paper we outline the fundamental theory and experimental and signal processing requirements for what we refer to as "generalized holography" which fully exploits the potential of the technique. We also describe the practical application of generalized holography in an actual experimental measurement system called nearfield acoustic holography (NAH).
On a fundamental level, the great utility of holography arises from its high information content; that is, data recorded on a two-dimensional surface (the hologram) may be used to reconstruct an entire three-dimensional wave field, with the well-known result of obtaining three-dimensional images. A popular science magazine once noted that ifa picture is worth a thousand words, then a hologram is worth 10003/2, or approximately 32 000 words. In the case of digitally processed holograms this statement is literally correct; if a sampled two-dimensional hologram contains 1000 digital words of data, and if the reconstruction is performed' for a cubical three-dimensional region, then the resulting reconstruction will contain 10003/2 digital words of data. An actual digitally sampled hologram may contain hundreds of thousands of words of data, and the amount of reconstruction data is limited only by the restriction of computation time. In generalized holography, the reconstruction may be expanded in other ways as well. For example, in nearfield acoustic •holography, the recording of the sound pressure field on a two-dimensional surface can be used to determine not only the three-dimensional sound pressure field but also the particle velocity field, the acoustic vector intensity field, the surface velocity and intensity of a vibrating source, etc. Furthermore, each data point in the hologram need not be Present address: Naval Research Laboratory, Washington, DC 20375. simply phase information from single frequency radiation, but may be a complete time sequence recording from incoherent "white-light" or noise radiation; in this case one may not only reconstruct a three-dimensional field, but may also observe its evolution in time. An interesting application would be the visualization of energy flow from a transient source. Generalized holography also removes the generally assumed limitations of conventional holography, such as the resolution of a reconstructed image being limited by the wavelength of the radiation 2-6 and the limited field of view resulting from conventional recording requirements.
I. EXAMPLE OF APPLICATION
It would be useful to precede discussion of the theory and implementation of generalized holography with a brief description of a fundamental research area in acoustics and the utility of holographic techniques when applied to it. 7
This fundamental research area concerns the radiation of sound into a fluid medium (air or water) by a complex vibrator. A basic goal of research in this area is to correlate the properties of the vibrator (such as structural features, vibration modes, existence of damping material, etc.) with properties of the radiated sound field (such as the total radiated power, the farfield directivity pattern, the vector intensity field, etc.). Though this is a basic field of study, it turns out to be a difficult problem even in the simplest cases, and nearly intractable with more complex sources. Consider the sound field of a plane rectangular vibrator. When the plate is surrounded by an infinite rigid baffle, calculation of the generated sound field is quite easy. However, the same plate when unbaffled produces a sound field which is impossible to determine analytically, and can be approximated only with laborious calculations on a large computer. Naturally, if the vibrator is made more complex with the addition of ribs, etc., the ensuing calculations become all the more ineluctable, thus providing little insight into how the vibrator couples acoustic energy into the medium.
Understanding the relationship between vibrator features and sound field properties is a difficult problem from the standpoint of acoustic experimentation as well. A simple example would be the case of a rectangular plate vibrating in a normal mode with some definite nodal pattern. The plate may have some nominal displacement amplitude producing some nominal particle velocity amplitude Vo and pressure amplitude Po in the medium around the plate. If the plate is vibrating below coincidence (assuming the typical plate dimension is smaller than the acoustic wavelength in the medium), s only a small amount of acoustic energy will be radiated into the farfield. A similar velocity amplitude Vo and pressure Po on another plate vibrating above coincidence will result in a large amount of energy being radiated into the farfield. The conclusion to be drawn from this example is that measurement of only vibrator displacements, particle velocity, or sound pressure around a vibrator is insufficient to determine how energy is delivered into the sound field by the vibrator. At high frequencies, well above coincidence, the problem is simpler as areas of the vibrator with large displacement amplitudes are usually the primary energy sources. Consider, howe.ver, sound sources that radiate wavelengths that are larger than the typical dimensions of the vibrator's features, as in the case of rotating machinery, musical instruments, etc. Here, we find many instances where areas of large displacements or large pressure amplitudes are not significant energy sources and may even be large sinks of acoustic energy.
The key to understanding how a vibrator radiates sound is the determination of the acoustic intensity vector field S(r). For radiation of a single frequency, intensity is defined as the product of the in-phase components of the pressure amplitude and the velocity amplitude9: S(r)= •Po(r)vo(r)cos 0.
This quantity specifies at each point in space the rate and direction of acoustic energy flow. When the component of this field normal to the surface of a vibrator is large, this indicates the location of a large energy source. It is this tremendously vital property of the intensity field that has generated so much interest in its measurement, and methods such as the "two-microphone" technique 1ø have been developed. Serious limitations in such techniques stem from the fact that they measure only one component of the vector intensity at a single point in space, or in an average over some region in space. This limitation may lead one to mistakenly identify an area as a radiating source when it may in fact be a part of a circulating energy flow pattern. ? These patterns, which occur frequently, represent real energy flow (as opposed to a reactive out-of-phase kind of energy) in which energy leaves an area of a vibrator, only to quickly (within a fraction of a wavelength) turn around and flow back into another part of the vibrator, and return through the vibrator back to the "source" area. From this it is clear that in order to measure with confidence the sound energy radiation from a complex vibrator, a detailed map of the energy flow field must be obtained. Mapping the three components of the vector intensity field at tens-of-thousands of points in space with a point-by-point probe is impractical. With nearfield acoustic holography, however, such information is readily obtained. The basic features of the actual NAH system, which will be described in more detail later, are as follows:
(1) Only a single, noncontact measurement over a twodimensional surface is required. This is achieved using a planar grid of regularly spaced microphones. Id) The vector intensity field, which maps the energy flow throughout the sound field and pinpoints energy producing sources. (e) The farfield radiation pattern. (f) The total radiated power. In addition to graphic stills and hard copy output, the fields (a)-(e) listed above may be displayed evolving in real time through the use of motion-picture computer graphics. Such graphic visual information permits a researcher to quickly discern salient features (effects of fluid loading, presence of traveling waves, for example) of the otherwise obscure interaction between a complex vibrating structure and the acoustic medium. Just how generalized holography generates so much information efficiently is discussed in the following section.
II. CONVENTIONAL AND GENERALIZED

HOLOGRAPHY
Holography in its basic form is really quite straightforward. Measurements of a wave field are made on a twodimensional surface, and then used to calculate the complete wave field in a three-dimensional space. The sources of the wave field may be scattering (or diffracting) objects or active sources. Measurements are usually made on a planar surface (the hologram plane), and these data are used to reconstruct the three-dimensional field. What makes this explosion of information possible is the fact that a known Green's function (as will be discussed subsequently) can be used, and the fact that the field being measured obeys the wave equation. Holography is unique in acoustic measurement techniques precisely because it takes the maximum advantage of this simple equation.
The paragraph above provides a basic definition of generalized holography. Conventional holography suffers from significant restrictions and limitations. In the majority of applications of conventional holography:
(1) The hologram is recorded with single frequency radiation. No broadband or noise sources are used.
(2) The hologram is recorded with a reference wave and primarily phase information only is retained with a "square-(3) The wavelength of the radiation limits the spatial resolution of the reconstruction. 2-• This means, for example, that two point sources cannot be resolved if they are separated by less than a wavelength. Naturally, in optics this limitation does not pose any diffculties since the optical wavelengths are so small. However, in acoustics, where a large class of long wavelength radiators (vibrating machinery, musical instruments, etc.) is considerably smaller than the radiated wavelength, this limitation prevents the location of features which might be crucial to understanding the energy radiation.
(4) A hologram which records a specific scalar field can only be used to reconstruct that same field. Thus, in conventional acoustical holography, a measurement of the sound pressure field cannot be used to reconstruct an independent particle velocity field or the vector intensity.field, and one is unable to map the source or flow of acoustic intensity. Conventional holography cannot offer the dramatic advantages described in tl•e preceding section.
(5) A conventional hologram must be recorded many wavelengths from the source (i.e., in the Fresnel or Fraunhofer zone). 11 Thus, due to the practical limitation in hologram size, the hologram may sub. tend a small solid angle from the source. A directional source may not be properly recorded because of this, and important information might be missing.
In the past, as techniques of optical holography were used to form the basis of acoustical holography, these limitations were carried over into acoustical holography. By reexamining the fundamental theory ofhol0graphy the limitations traditionally associated with long-wavelength acoustic holography can be removed.
III. FUNDAMENTALS OF GENERALIZED HOLOGRAPHY
A. General
As discussed in the preceding sections, generalized holography involves the measurement of a wave field on an appropriate surface and the use of this measurement to uniquely determine the wave field within a three-dimensional region. This description indicates that generalized holography is equivalent to the use of a Dirichlet boundary condition 1: on a surface for which the Green's function is known.
One usually imagines boundary value problems as having boundary conditions determined by a source (for example, a vibrating surface in an acoustics problem); such problems are difficult because the source may provide conditions for which there is no known Green's function. In generalized holography, one simply measures a uniform (Dirichlet or Neuman) boundary condition on a surface for which there is a known Green's function. The holographic reconstruction process is then simply the convolution (or deconvolution) of the measured boundary values with the Green's function. In theory this is a straightforward process; in practice some care must be taken in order to identify and avoid the limitations of conventional holography. The causes of the limitations occur in the method of-measuring the boundary data, in the formulation of the Green's function, and in the evaluation of the convolution integral. These areas will be discussed in subsequent sections. In later sections the calculation of quantities other than the measured wave field will be discussed. We begin with a description of the formal assumptions required for generalized holography.
The basic assumption is that some sources are creating a wave field •b(r,t } (a function of position r in a three-dimensional region of space and time t } which, within a three-dimensional region of interest, satisfies the homogeneous wave equation:
1 02•b =0.
(1) V2• c 2 0t 2 Here, V 2 is the Laplacian operator and c is a constant propagation speed. The following is further assumed:
(1) There is a surface $ enclosing the three-dimensional region of interest for which there is a known Green's function G(rlrs) satisfying the homogeneous Helmholtz equation for r inside $ and vanishing (or having a vanishing normal derivative)for r = r sonS. Part of S may be at infinity; in practice the part of S not at infinity will be a level surface of some separable coordinate system which is in close contact with the sources. •uations (7) and (12) In conventional holography, holograms are usually recorded on plane surfaces, and in generalized holography the processing of plane holograms is the easiest from a computational point of view. Other hologram surfaces (cylindrical, spherical, etc.) can be used when they more closely conform to the shape of the sources. When the sources have odd shapes which do not conform to the level surface of a separable coordinate system, then plane generalized holography may be used in conjunction with a finite element technique; this will be discussed in Sec. VI. In any case the features of plane generalized holography represent all forms of generalized holography. The discussion of plane holography given below will present the basic equations underlying the actual nearfield acoustic holography computation algorithms, and will illustrate in detail the departures from conventional holography and the sources of problems in real applications of generalized holography.
For plane holography the separable coordinate system is of course the Cartesian system with rectangular coordinates (x, y, z). The surface S (described in Sec. III A) is taken to be the infinite plane defined by z = zs (a constant) and the infinite hemisphere enclosing the z > Zs half-space. It is assumed that the sources lie in a finite region just below the Zs plane, and that the field which they generate obeys the Sommerfeld radiation condition • [i.e., r (O•/Sn -ik•)vanishes on the hemisphere at infinity]. As an aid in understanding, it is useful to assume that the sources are planar, such as vibrating plates, etc., lying in the Zs plane; nonplanar sources and depth resolution below the Zs plane will be discussed later.
For expression ( •kx, yy, Zs) inside the radiation circle by exp(ikzz ) (thus surface waves varying more slowly than )t simply undergo a phase change in moving to a plane away from the sources), and by multiplying the amplitudes outside the radiation circle by exp( -kzz)(so that surface waves varying more rapidly than)t suffer an exponential decay in amplitude in moving to a plane away from the sources).
Having 
which is the same result which would be obtained if the original problem had been specified with Neuman instead of Dirichlet boundary conditions. [This is the expression which would be used to predict the radiation from a planar vibrator; the surface velocity Vz(x, y, Zs) might be determined 
IV. ACTUAL IMPLEMENTATION
A. General
The implementation of generalized holography in an actual system involves acquisition of the hologram data and evaluation of the various expressions of generalized holography. Because the features of the {hardware) system used for actual data acquisition depend on many extraneous design variables, few general comments may be made about data acquisition. On the other hand, a number of interesting general comments can be made concerning the numerical evaluation of the holography expressions. The following paragraphs discuss the general features, problems, limitations, etc. associated with the actual implementation of generalized holography. In these paragraphs it should be assumed that the comments are about plane holography in particular but may be generalized to other coordinate systems unless otherwise stated. The aspects of a particular hardware system {used for data acquisition and processing) will be described in Sec. V.
B. Data acquisition
Concerning data acquisition, it can be assumed that the major temporal frequency components are sampled at the Nyquist rate or faster, and that any other components at higher frequencies are filtered to a sufficiently small "noise" level. The time-sampled data may then be analyzed to produce the temporal frequency complex amplitudes •{rn), as discussed in Sec. III A. In theory, the hologram data must be known as a continuous function (i.e., known at all points rn) over the hologram surface H which may be infinite in extent {spherical holography being one exception). In practice, the hologram data can only be sampled at discrete points on a surface of finite extent {referred to as the hologram aperture).
As far as the discrete_sampling is concerned, one must be certain that the field •rn) is being sampled at the spatial Nyquist rate. It should be recalled that any spatial frequencies of the source which exceed those of the characteristic radiated wavelengths exponentially decay with distance from the source. Thus spatial sampling is provided with a natural filter; as an empirical rule-of-thumb, we find that if the hologram sampling is done at a distance d from the source, then the distance between sampling points should be no larger than d {see Sec. V). Discrete spatial sampling does not result in any unusual problems in generalized holography. On the other hand, the finite hologram aperture does result in fundamental problems which require special processing techniques. Of course, the holography expressions which involve integrals over infinite domains in space {as in plane and cylindrical holography) necessitate that some assumption be made about the hologram {or source) data which lie outside the finite hologram aperture. Practical limitations notwithstanding, it can be assumed that the hologram aperture may be made sufficiently larger than the sources {of finite extent) so that the field on the surface beyond the aperture is not significantly different from zero. This is a reasonable assumption for laboratory studies, but other techniques may be required for field measurements, as discussed in Sec. VI. The special processing required even when the field is zero outside the aperture is discussed in Sec.
IV D below.
In addition to being finite and discrete, the actual measured hologram data will contain some intrinsic error in- In conventional optical and acoustical holography no evanescent waves are used in the field reconstructions so that kma• = k and R = A/2. In actual implementations of generalized holography, the hologram is uniformly sampled at discrete points in space; from the Nyquist theorem kma x • 7r/a, where a is the distance between the spatial sampling points, so that R •a. The sampling lattice constant a is only a lower limit for R because kma x may be further limited by the ability of the hologram recording medium to measure all of the necessary evanescent wave components, as discussed below.
In order for generalized holography to surpass conventional holography in resolution, it is necessary to measure some evanescent wave components so that kma x will exceed k. The evanescent wave components decay rapidly with distance from the source, and some of the components, in traversing the distance from the source to the hologram, will decay to a level below the error level E of the hologram recording system. These evanescent wave components cannot be used in the reconstruction, and this sets a limit on kma x . In order to quantify this, we assume that the source, at Zs, has propagating and evanescent wave components with As already mentioned, practical data acquisition results in the hologram being finite in size and discretely sampled. The processing of the hologram field must also be finite and discrete in nature; that is, even if the hologram data could be assigned some assumed a priori values outside the data acquisition range, the time and space limitations of the data processing hardware would still restrict the hologram field to be finite in size. This finite aperture restriction leads to interesting effects, in particular an error referred to as wraparound, 19 which fortunately can be controlled with proper processing techniques. The wraparound error and the techniques used to avoid it are discussed in this section.
To emphasize that the wraparound error results from improper data processing rather than insufficient data acquisition, we shall assume that the actual field in the hologram plane is negligible for points (x, y) outside the square region defined by x= ñL/2 and y= ñL/2. Thus  •x, y, ZH) for (x, y) However, when (z --zn) •L, then considerable wraparound error may result.
How the wraparound error may be eliminated is illustrated in Fig. 2(c) and (d) . The first step, shown in Fig. 2(c 
which is illustrated in Fig. 2 In performing actual calculations, the convolution on the right-hand side of Eq. (62) is put into discrete form and evaluated using forward and inverse FFTs. Making the convolution integral discrete involves some approximations and these introduce small errors in the reconstructions. The actual numerical processing of the other quantities which can be determined with generalized holography also involves approximations and small errors. There are a number of different ways of making these approximations and it is found that some procedures result in smaller errors. The development of the techniques to minimize the wraparound and other errors, and the optimization of their computer algorithms, have been accomplished by graduate student W. A. Veronesi 2ø and will be published in a second paper.
E. Zoom imaging
As discussed in the previous section, the wraparound error can be avoided if the reconstruction volume is confined within a duct enclosing the L X L aperture. For reconstructions in the nearfield of the sources the size of this area is usually more than adequate. However, for reconstructions out to the farfield a much larger aperture would be desirable.
Furthermore, having a larger aperture means that there is a higher density of discrete points in k space (the distance between points in k space is •r/L ), and this may be necessary for calculating quantities such as the farfield directivity and the total power radiated. It should be recalled that these quantities involved •b(kx,ky, zn) at points only inside the radiation circle. For low-frequency sources, the hologram aperture may be only a few wavelengths in size, and this means that there may be only a few discrete (kx,ky) points inside the radiation circle, as illustrated in Fig. 3(a) ; such a low density of points inside the radiation circle may be inadequate for calculating the directivity pattern and the total power radiated.
In order to increase the aperture size one could increase the size of the guard band of zeros, making the effective aperture size KL X KL. Equivalently, one could convolve •k,,,ky, zn) in k space with a sin a/a type function TM in order to intersperse discrete points in k space. Unfortunately, the first technique would require a two-dimensional FFT on a very large data set, and the second would require multiplication by an even larger matrix; both would necessitate prohibitively long computation times.
However, it should be noted that the calculations which require a larger aperture (or higher density of points in k space) only require a higher density of k-space points inside the radiation circle (since reconstructions beyond a few wavelengths contain virtually no evanescent waves). It is possible to reformulate the k-space convolution technique so that it only intersperses data points within the radiation circle, as shown in Fig. 3(b) . In a reasonable amount of computation time all of the original N 2 k-space points [as in Fig.  3(a) A schematic representation of the NAH airborne sound system is shown in Fig. 4 . The microphone array is constructed with a square aluminum I-beam frame on which is tion, array calibration and testing, and computer algorithms) will be published in the near future.
C. Examples of NAH reconstructions
The reconstruction of two point sources, simulated by the low-frequency radiation from the ends of two 2.5-cmdiam pipes driven at resonance, is shown in Fig. 5(a) . The wavelength of the radiation was 3 m, while the spacing between the ends of the pipes was only 6 cm. Figure 5(b) shows the reconstruction of the two point sources using conventional holography (without evanescent waves). Notice that the reconstruction shows only a single broad maximum, roughly a single wavelength (3 m) in diameter. Figure 5(a) shows the NAH reconstruction; the two point sources are clearly defined. The NAH resolution is improved by a factor of • 50. Because the point source is such a simple source, one might assume that reconstruction is a simple matter. However, if one recalls that the intensity of an ideal point source is a product of an infinite pressure amplitude, the velocity amplitude, and the cosine of the 90 ø phase difference (i.e., zero), giving a finite result, the results of Fig. 5(a) are indeed impressive. It is clear the holegram data must be precisely measured, calibrated, and processed in order to so accurately process this computationally challenging wave field.
A plot of a projection of the vector intensity field in a plane containing the two point sources and perpendicular to the holegram plane is shown in Fig. 6 . The acoustic energy from the two point sources flows together within a distance of only 0.05 wavelengths. Figure 7 depicts the reconstructed surface velocity of a rectangular plate vibrating in a normal mode which has four nodal lines traversing the width of the plate and two nodal lines traversing the length. When observing the vector graphics display, subtle shifts in phase occurring between the various sections of the plate can be readily detected. When a plate is vibrating below coincidence, such phase shifts will produce dramatic changes in the vector intensity pattern above the plate surface.
In Fig. 8 a top clearly display the (4,2) nodal line pattern. Figure 9 plots the normal component of the acoustic intensity at the surface of the plate of Figs. 7 and 8. The total radiated power is greatly diminished by the presence of regions of negative intensity which act to cancel the positive intensity regions. This is shown more clearly in Fig. 10 , which gives the projected acoustic intensity in a plane through the centerline of the plate and normal to the plane of the plate. The positive and negative intensity regions are seen to be portions of a circulating energy flow pattern, as discussed in Sec. I. The circulating energy flow, which is always present for plates vibrating in a normal mode below the coincidence frequency, occurs within a fraction of a wavelength of the vibrating plate surface.
The holographically reconstructed surface intensity of a plate vibrating in a (2,2) mode is shown in Fig. 1 l(b) . The plate was below coincidence, so regions of positive and negative intensity are evident. The theoretically predicted surface intensity for the (2,2) mode of a plate (with free edges) vibrating in an infinite rigid baffle is shown in Fig. 11 (a) tending across the length of the plate. At the right-hand side, one notices a peculiar circulating energy flow, where a uniform intensity pattern might be expected. This mystery was solved upon a close examination of this plate which revealed that the epoxy bonding the rib to the plate had come loose along the fight-hand section. The circulation flow pattern resulting from the faulty epoxy bond was present at all driving frequencies. It is important to stress that the spatial resolution represented in the intensity field plots of Figs. 13 and 14 is much smaller than the radiated wavelength. Thus, lowfrequency nondestructive testing is possible, using the NAH system to pinpoint defects.
VI. FURTHER DEVELOPMENTS
A. General
Generalized holography can be a powerful measurement tool when applied to radiation sources or scattering objects which conform to the requirements imposed by a practical data acquisition system. There are numerous types of sources for which the limitations of finite aperture size and dynamic range produce negligible error. There are, of course, sources and environments for which the application of a generalized holography system is impossible or impractical, and other techniques must be used for these sources. Although the discussion above may give the impression that field measurements with holography are difficult, they are no more so than with other techniques. Nearfield holography has the advantage that measurements are made as close to the source as possible, so that the direct field of the source dominates the data. In this case holography provides the fastest, most thorough amount of radiation information available per unit effort.
